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Abstract. Motivated by a pursuit evasion differential game, we investigate an abstract tro- 
person zero-sum game: P : l-21 X Rz - R where the Ri, i = 1,2, are compact metric spaces, so 
that the game always has a solution in mixed strategies. We show that the value of the game 
can be approximated arbitrary well by each player randomizing only over a finite set of pure 
strategies. 
1. INTRODUCTION 
We give here a brief account of the motivation for this study, which evolved from the inves- 
tigation of an imperfect information pursuit evasion game [l]. 
The game is governed by a differential equation 
k = f(x, Ull U?), x E x, 211 E Ul, u2 E uz. 
where U1 and Uz are bounded subsets of B m* and lRma respectively, X is a domain of lR”. 
Standard regularity (Lipshitz continuity) and growth conditions on f insure existence of the 
solution of the differential equation over (0,oo) for every pair of measurable ui(‘> from (0,oo) 
to vi. 
The players have access to noisy partial information 
?Ji = hi(X, W), i = 1,2, 
where w is a noise that we do not intend to characterize precisely here, the hi’s being globally 
Lipshitz over X. They are restricted to using feedback strategies 
Ui(t) = 6i (Yi(i)) 
Lipshitz continuous with Q prescrt’bed modulus. It follows from the Ascoli Arzela theorem, 
that the set of strategies is compact in the topology of the uniform convergence. 
\5’e assume that the noise model and the solution concept of the differential equation are 
such that the payoff as formulated in [l], i.e. the expected value of a continuous function 
of closest approach, is a continuous function of the strategies for the topology of uniform 
convergence. Notice that this assumption is satisfied in the case where there is no noise. 
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2. THE FORMAL GAME 
Let a game be given by a pair of compact metric strategy spaces CI, and 02, and a 
continuous payoff function P from RI x 02 into R. We shall also consider closed subsets 
A, and A2 of fi, and 0, respectively, and the subgame defined by the restriction of P to 
A, x A?. The Ai’s will always be endowed with the topology induced by that of the Ri’s. 
They will therefore be compact spaces. 
For any two AC’s, the associated subgame has a value in mixed strategies (see [2]). Let 
II(A) be the set of probability measures over A, we set 
and 
J(n1, n) = JJ P(&, Sz)h(&)dn2(62), AI Aa 
~(AI, AZ) = min max J(nI, 7r2). 
DIES x,En(A,) 
We know that optimal mixed strategies il and ir2 exist and form a saddle point over Al x A?. 
(They obviously depend on this pair of admissible pure strategies.) 
We shall write II1 and II2 for lI(f2,) and lI(S22) respectively, V for V(R1, R2), and we 
shall call (xi, ~2’) a saddle point over RI x 112. Finally, let A; and A; be the support of 7; 
and lr$ respectively, we have the following simple facts: 
PROPOSITION. 
and 
V(&,&), V@;,&E> = Wl,Ad I v(&,&) 
V(A;,A,) 5 V(4;, A;) _< V(4.1, A;). 
PROOF: The inequality in the first claim simply follows from the fact that RI 3, A,, and 
the equality from the fact that ni E II( Placing A? = A; in the inequality yields the 
second one of the second claim. The first one is obtained symmetrically. 
3.CONTINUITY OF v(., .) 
Let T(Q) be the set of closed subsets of 0, endowed with the topology of the Hausdorf 
distance. Let H(A, A’) be the Hausdorf distance from A to 4’. Let also Fi stand for F(fii), 
i = 1,2. We can now state the main result of this paper. 
THEOREM. V(., .) is a continuous function from Fl x Fz into R. 
PROOF: We shall proceed with two lemmas. 
LEMMA 1. Let R be a compact metric space, 4 and 4’ in F(R), such that H(A, A’) 5 e/2. 
Then there exists an application q3 : A’ -c 4 such that qi~ is a staircase function (constant 
over each subset of a finite Bore1 partition of A’), satisfying V6’ E A’, cf(b’, 4(6’)) < E. 
PROOF OF LEMMA 1: To each 6’ in A’ we can make correspond its closest element 6 in A. 
Since H(A, A’) < r/2 then d(b’, 6) < c/2. There also exists an open neighborhood of I;’ such 
that for any 6” in that neighborhood, d(&‘, 6) < e. All these neighborhoods form an open 
covering of A’. By extracting a finite covering, it is straightforward to conclude the proof. 
LEMMA 2. Let Al and 42 be given in 31 and 32. Let E be a given positive number. There 
exists a positive number 77 such that if H(Al, A:) < 7, to each ~‘1 E II( we can associate 
a ~1 E II(4,) such that, 
V62 E A27 IJ PC&, 62)d*l(h) - J P(6;,&) dir;(q) < E. Al A: 
PROOF OF LEMMA 2: Since P is continuous, it is uniformly continuous over 01 x R?. 
Therefore there exists 77 such that 
d(h~;) < 217 =$ v62 E 42, Ip(61,62) - P(6;,62)1 < E. 
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Let A; be such that H(41,A’,) c 7, ri E II(Al,) given, and for any continuous function Q: 
A, + l??, set 
1 Q(b) h(h) = / Q(G;)) W&L 
a1 *: 
where 4 is the function whose existence is asserted by lemma 1. It is measurable, thus the 
integral of the right hand side is well defined. Moreover. the above defined ~1 is clearly 
positive and of total mass one, i.e. in II( Now we have 
because d(d(6:),6;) < 29, and as a consequence, the integrand is smaller than E. 
We now proceed to prove the theorem. We have 
V(A{,A,) = max 
J JzE*a A’ 
P(& 52) d+;(S;), 
1 
where ;ii is an optimal mixed strategy for the game over (A;, An). We also associate to iii 
another mixed strategy ii1 E II as in the above lemma, and define 8, by 
The continuity of P and ccmpacity of A? insures the existence of a’,. We now have 
V( Ai, A,) = my 
I 
P(6{,6*)dir’l(6’1) 2 
1 ’ A; 
Thus, using lemma 2, it comes 
V(Al,,&) L 
J 
P(61,&)d?q(61j -c 
*1 
and finally from the definition of 62, 
So that we have showed that V(Al,, A,) 1 V(A,, A,) - 6. Of course, we would show in the 
same way that V(Al, AZ) > V(A\, A,) - E. We have therefore proved that 
if H(A’,,Al) < 7, then IV(A,,A,) - V(A;,Az)l 5 C. 
The theorem follows by doing similarily for A2 w V(Al , AZ) 
4. FINITE SUBSETS AND FINITE APPROSIXIITIONS 
We shall now consider finite subsets A1 andA2. Let V,(“) be the set of all finite subsets of 
Ri with !\/I elements Den’) is isomorphic to Cl. ” . t t t the Mth Cartesian power of Ri. Moreover, 
in this isomorphism, the distance over Ri induces a distance over ?)i (M) which, for small 
distances, is identical to the Hausdorf distance. As a consequence, using the above theorem, 
the restriction of V to VIM’) x ViMa) is a continuous function from @‘I X a:*? into R. 
By Tychonov’s theorem, ID?) and ‘Dy’ are compact. Therefore, for fixed Ml or A[?, 
V(A1, C?,) has a minimum, or, respectively, V(n,, A,) has a maximum. If player 1, say, is 
restricted to randomizing his strategy over a finite number M of pure strategies, he should 
chose the set Al’“‘, which always exist, insuring 
V(Ayr), Q2) = min V(A,,&) = ViJr). 
AIEV$M) 
Let now A2 be fixed, and known by both players. (A? may be 92, or a strict subset, 
possibly finite.) Let 
V$“‘( a2, = min V(A1, AZ). 
AIEV;M) 
We can show the following fact: 
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COROLLARY. 
V;(“‘)(Az) - V(R1, A?) as n/l - co. 
PROOF: In fact, we prove the following lemma: 
LEMMA 3. For any E > 0, one can find an integer M and Al E ‘Di”‘) such that 
IV(A,,&) - V(%, &>I < E. 
PROOF OF LEMMA 3: Since $21 is compact, for any n > 0, there exists a finite subset Ai of 
RI such that, 
Vbi E ni, 38, E A1 : d(&, a,) < 7. 
Therefore, H(Qi, Ai) < n. Since Ai H V(Ai, A?) . is continuous by the previous theorem, 
the lemma follows. 
;From the lemma follows that the limit of V,(“‘)(Az) as M + 00 will not be larger 
than V(Q,, A,). But from the proposition, we know that V(AI*“)(Az), A?) 2 V(ni,As). 
Therefore its limit will not be smaller than V(R1, AZ). The corollary is proved. 
Of course, by similar arguments, A2 can be chosen finite, such that V(R1, A?) be arbitrar- 
ily close to V itself. So that our paper shows that, in some sense, any game over compact 
sets can be approximated by a matrix game. 
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